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Abstract
We establish the relation between full traces of the Green functions for
some initial and the Darboux transformed one-dimensional two component
Dirac problems with the most general form of potential. The result is used
to check the completeness of set of wave functions obtained by the Darboux
transformation of the eigenfunctions set for the initial Dirac problem with
some typical boundary conditions.
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1 Introduction
Supersymmetric quantum mechanics (SQM) [1, 2] provides an interesting framework
within which to analyse quantum problems. In particular, it allows one to investi-
gate the spectral properties of a wide class of quantum models and to generate new
systems with given spectra. SQM gives new insight into the problem of spectral
equivalence of Hamiltonians, which, historically, has been constructed as a factor-
ization method in quantum mechanics [3] and as Darboux-Crum transformations in
mathematical physics [4].
The Darboux transformation method for the one-dimensional stationary Dirac
equation is equivalent to the underlying quadratic supersymmetry and the factor-
ization properties of the Dirac equation [5]. Application of this method to the Dirac
equation is studied in the papers [6, 7].
In the previous paper [7] we have established the connection between Green
functions of initial and Darboux transformed one-dimensional two component Dirac
equations for the case of especial matrix structure of the potential. Here we consider
the same problem for the arbitrary matrix structure of the interaction Hamiltonian.
1
2 Green function of initial problem
We consider the Dirac equation
h0(x)ψ(x) = Eψ(x), ψ = (ψ1, ψ2)
T (1)
with the Hamiltonian of the form
h0 = iσ2∂x + V (x), (2)
V0(x) = ω(x)I + (m+ S(x))σ3 + q(x)σ1, (3)
where ω(x), S(x) and q(x) are real functions of x; m is the mass of a particle; σ1, σ2,
σ3 are usual Pauli matrices. This equation have two linearly independent solutions.
Denote them by ψ and ϕ. Introduce the Wronskian of this solutions with the
help of equation
W{ψ(x), ϕ(x)} = ψ1(x)ϕ2(x)− ψ2(x)ϕ1(x). (4)
Let us prove that it doesn’t depend on x. For this aim represent W in the form:
W = ψTγϕ, γ = iσ2 =
(
0 1
−1 0
)
, γT = −γ. (5)
Then
W ′ = (ψT )′γϕ+ ψTγϕ′ = ψTγϕ′ − (γψ′)Tϕ. (6)
Taking into account the Dirac equation
γϕ′ = Eϕ− V ϕ, (7)
γψ′ = Eψ − V ψ, (8)
we have
W ′ = ψT (Eϕ− V ϕ)− (EψT − (V ψ)T )ϕ = ψT (E − V −E + V T )ϕ. (9)
Since V T = V , W ′ = 0.
Now we are in position to construct Green function of problem under consider-
ation. It is the solution of inhomogeneous equation
(H −E)G(x, y) = δ(x− y). (10)
It is easy to check that
G(x, y) =
ϕ(x)ψT (y)Θ(x− y) + ψ(x)ϕT (y)Θ(y − x)
W
. (11)
Besides this for G(x, y) the spectral representation
G(x, y) = Σn
ϕn(x)ϕ
T
n
(y)
E − En (12)
is valid. Here ϕn(x) is complete orthonormal system of eigenfunctions of the h0 with
eigenvalues En.
2
3 Darboux transformation of the Green function
Let us to construct the 2×2 matrix u, consists of two two-component eigenfunctions
ϕn1 , ϕn2 of the Dirac Hamiltonian h0 corresponding eigenvalues En1 , En2 :
u = (ϕn1, ϕn2). (13)
Thus, the function u is a solution of the Dirac equation
h0u = uΛ, Λ = diag(En1, En2). (14)
The operator
L =
d
dx
− uxu−1, ux = du
dx
(15)
allows us to generate the solutions ϕ˜n of the transformed Dirac equation
h1ϕ˜n = Enϕ˜n, (16)
from solutions of the initial Dirac equation. The Hamiltonian and corresponding
solutions of the transformed Dirac equation are the following
ϕ˜n = Lϕn (17)
h1 = γ
d
dx
+ V1, V1 = V0 + [γ, uxu
−1], (18)
where ϕn are solutions of the initial equation.
It is easy to check that Lϕn1 = 0, Lϕn2 = 0. The spectrum of h1 doesn’t contain
eigenvalue En1 , En2.
The question arises: are the eigenfunctions ψ˜n (n 6= 1, 2) form the full system.
In order to answer to this question it is necessary to construct Green function G1
(h1 − E)G1 = δ(x− y) (19)
and to calculate the expression
A = tr
∫
(G1(x, x)−G0(x, x))dx+ 1
En1 −E
+
1
En2 −E
. (20)
If A = 0, the set of ψ˜ form the complete system.
Early expression, similar to (20), was considered for Schro¨dinger equation in [8].
Evidently that
G1(x, y) =
ϕ˜(x)ψ˜T (y)Θ(x− y) + ψ˜(x)ϕ˜T (y)Θ(y − x)
W˜
, (21)
W˜ = ψ˜T (x)γϕ˜(x). (22)
It can be proved (see Appendix A) that W˜ = (E − En1)(E −En2)W.
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Consider
tr{ψ˜(x)ϕ˜T (x)} = ψ˜T (x)ϕ˜(x) = (Lψ(x))TLϕ(x). (23)
It is evidently that
ψ˜ = Lψ = ψ′(x)− uxu−1ψ(x) ≡ u(x)(u−1ψ)′ (24)
and
ψ˜T (x) = [(u−1ψ)′]TuT ,
ψ˜T (x)ϕ˜(x) = (u−1ψ)T )′uT ϕ˜ = {ψT (u−1)TuT ϕ˜}′ − {ψT (u−1)T (uT ϕ˜)′}. (25)
Since u is a real matrix (this follows from reality of all coefficients of the Dirac
equation rewritten in component form) uT = u+. The last form in the equation can
be represent in the form
ψTL+ϕ˜, L+ = −∂x − (uxu−1)+. (26)
Taking into consideration that ϕ˜ = Lϕ, factorization relation [5]
L+L = (h0 − En1)(h0 − En2),
and
h0ϕ = Eϕ,
we have
ψ˜T ϕ˜ = ψT ϕ˜+ (E − En1)(E − En2)ψTϕ. (27)
Thus,
trG1(x, x) =
ψ˜T ϕ˜
W˜
=
(ψT ϕ˜)′ + (E − En1)(E − En2)(ψTϕ)
(E − En1)(E − En2)W
=
(ψT ϕ˜)′
W˜
+ tr{G(x, x)}. (28)
Then the trace of difference of the Green functions is as follows
tr[G1(x, x)−G0(x, x)] = (ψ
T ϕ˜)′
W˜
. (29)
Evidently that (29) can also be presented in the form
tr[G1(x, x)−G0(x, x)] = (ψ˜
Tϕ)′
W˜
. (30)
Thus,
tr{ψT ϕ˜− ψ˜Tϕ} = C, C ′ = 0. (31)
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Let us prove that
C = (2E −En1 − En2)W. (32)
Taking into account the Dirac equations for ψ, ϕ and u
γψ′ = (E − V ), γϕ′ = (E − V )ϕ, γuxu−1 = Ω− V, (33)
where Ω = uΛu−1 it is easy to see that
ψ˜Tϕ− ψT ϕ˜ = ψT [(ΩT − E)γT − γ(Ω− E)]
= 2EψTγϕ− ψT (ΩTγ + γΩ)ϕ. (34)
Since
ΩTγ + γΩ = γtrΩ
and
trΩ = En1 + En2
the relation
ψT ϕ˜− ψ˜Tϕ = (2E − En1 − En2)W
is proved.
Taking into account this relation one can obtain
tr
∫
b
a
[G1(x, x)−G0(x, x)]dx = 1
E −En1
+
1
E − En2
+ ψ˜T (b)ϕ(b)− ψT (a)ϕ˜(a) (35)
or
A = tr
∫
b
a
[G1(x, x)−G0(x, x)]dx + 1
En1 − E
+
1
En2 −E
= ψ˜T (b)ϕ(b)− ψT (a)ϕ˜(a). (36)
If right side of this relation equal to zero the wave functions ϕ˜n form complete system
of eigenfunctions of h1. In opposite case this system is incomplete.
4 Examples
In this Section we consider some examples of the application of (36) to the Dirac
problem with homogeneous boundary conditions on the finite interval x ∈ [a, b].
More explicitly, we look for the solutions of the Dirac equation
hψ = Eψ, (37)
that satisfy the boundary conditions of type
ψ1(a) cosα + ψ2(a) sinα = 0, (38)
ϕ1(b) cos β + ϕ2(b) sin β = 0. (39)
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We start with the consideration of the case of free initial Hamiltonian
h0 = iσ2
d
dx
+mσ3 (40)
and consider four types of boundary conditions: (i) α = β = 0; (ii) α = β = pi/2;
(iii) α = 0, β = pi/2; (iv) α = pi/2, β = 0.
Without the loss of generality we can put a = 0, b = −1.
Case (i). The eigenfunction of h0 consists of two branches: (a) positive eigen-
values and (b) negative eigenvalues. Positive eigenvalues have a form:
En =
√
k2
n
+m2, kn = npi, n = 1, 2, ... (41)
The corresponding eigenfunctions are
ϕ
(n)
1 = sin (knx), ϕ
(n)
2 = −
−kn cos knx
En +m
. (42)
Negative eigenvalues are as follows:
E¯ = −
√
k2
n
+m2, kn = npi, n = 0, 1, 2, ... (43)
Corresponding eigenfunctions are
ψ¯
(n)
1 = sin (knx), ψ
(n)
2 = −
kn cos (knx)
E +m
, n = 1, 2, ... (44)
(45)
ψ¯
(0)
1 = 0, ψ
(0)
2 = C,
where C is an arbitrary constant.
The independent solution of the equation
h0ψ = Eψ, E 6= (En, E¯n) (46)
are
ψ1 = sin (kx), ψ2 = −k cos(kx)
E +m
, k =
√
E2 −m2, (47)
ϕ1 = sin (kx− k), ϕ2 = −k cos(kx− x)
E +m
. (48)
Then the full trace of the Green function is
tr
∫
G0(x, x)dx =
E
k
cot(k)− m
k2
. (49)
Taking into account the following relation (see Appendix B)
cot(k) =
1
k
+
∞∑
n=1
2k
k2 − n2pi2 , (50)
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we get
E
k
cot(k)− m
k2
= 2E
∞∑
n=1
1
k2 − n2pi2 +
E −m
k2
= 2E
∞∑
n=1
1
E2 − E2
n
+
1
E +m
=
∞∑
n=1
(
1
E −En +
1
E −En
)
+
1
E +m
,
that is just the spectral representation of the tr
∫ 1
0
G0(x, x)dx.
Now we consider the Darboux transformation. The solutions of transformed
equation are following
ψ˜ = ψ′ − uxu−1ψ, (51)
where u is the transformation matrix. For the construction of u we choose the pair
of the eigenfunctions ψ¯(0) and ψ(1) or pair ψ(0) and ψ¯(1).
In the first case the transformation matrix reads
u =
(
0 sin(k1x)
C −k1 cos(k1x)
E1+m
)
, uxu
−1 =
(
k1 cot k1x 0
(E −E1) 0
)
. (52)
In the second case it reads
u =
(
0 sin(k1x)
C −k1 cos(k1x)
E1+m
)
, uxu
−1 =
(
k1 cot k1x 0
(E¯1 −m) 0
)
. (53)
This leads to the following expressions for components of functions
ψ˜(x) = Lψ, and ϕ˜(x) = Lϕ :
ψ˜1 = k cos (kx)− pi cot(pix) sin(kx), (54)
ψ˜2 = (E − E1) sin(kx) (or ψ˜2 = (E − E¯1)) sin(kx), (55)
ϕ˜1 = k cos (kx− k)− pi cot(pix) sin(kx− k), (56)
ϕ˜2 = (E − E1) sin(kx− k) (or ψ˜2 = (E − E¯1)) sin(kx− k). (57)
It is interesting to note that at the left side (x = 0) of the interval both com-
ponents of ψ˜ (ψ˜1 and ψ˜2) are zero, that is ψ˜(a) = 0. Similarly, ϕ˜1(1) = ϕ˜2(1) = 0
or ϕ˜(b) = 0. Thus, the right side of eq. (36) is zero and consequently system of
function Lφ(n), Lφ¯(n) is complete.
Case (ii). The eigenspectrum again consists of two branches:
(a) En =
√
k2
n
+m2, kn = npi, n = 0, 1, ...
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(b) E¯n = −
√
k2
n
+m2, kn = npi, n = 0, 1, ...
Solutions ψ, ϕ reads:
ψ2(x) = sin(kx), ψ1(x) =
k cos(kx)
E −m , k =
√
E2 −m2 (58)
ϕ2 = sin(kx− k), ϕ1(x) = k cos(kx− k)
E −m . (59)
Then the corresponding full trace of the Green function may be represent in the
form:
tr
∫
G(x, x)dx =
E
k
cot(k) +
m
k2
=
∞∑
n=1
(
1
E −En +
1
E + En
)
+
1
E −m. (60)
The transformation matrix u is
u =
(
1 k1 cos(k1x)/(E1 −m)
0 sin(k1x)
)
or u =
(
1 k1 cos(k1x)/(E1 −m)
0 sin(k1x)
)
(61)
and components of solutions of the transformed Dirac equation are:
ψ˜2 = k cos(kx)− pi cot(pix) sin(kx), (62)
ψ˜1 = [E − E1(E¯1)] sin(kx), (63)
ϕ˜2 = k cos(kx− k)− pi cot(pix) sin(kx− k), (64)
ϕ˜1 = [E − E1(E¯1)] sin(kx− k). (65)
Again we have
ψ˜(a) = ψ˜(b) = 0, (66)
ϕ˜(a) = ϕ˜(b) = 0 (67)
that makes right part of eq. (36) to be equal zero that leads to evident consequences,
similar to those, made in case (i).
Case (iii). The positive branch of the eigenspectrum is the following
En =
√
m2 + k2
n
, kn =
pi
2
, n = 0, 1, ... (68)
and negative one
E¯n = −
√
m2 + k2
n
, kn =
pi
2
, n = 0, 1, ... (69)
Eigenfunctions are
φ
(n)
1 = sin(knx), φ
(n)
2 = −
kn cos(knx)
En +m
, (70)
φ¯
(n)
1 = sin(knx), φ¯
(n)
2 = −
kn cos(knx)
En +m
. (71)
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Solutions of
h0ψ = Eψ
are chosen as following way
ψ1 = sin(kx), ψ2 = −k cos(kx)
E +m
, k =
√
E2 −m2, (72)
ϕ2(x) = sin(kx− k), ϕ1(x) = k cos(kx− k)
E −m . (73)
And the full trace of Green function of the transformed Dirac equation is
tr
∫ 1
0
G(x, x)dx = −E
k
tan(k). (74)
Taking into account the relation (see Appendix B)
tan(k) =
∞∑
n=0
2k
(n+ 1/2)2pi2 − k2 , (75)
we get
− E
k
tan(k) =
∞∑
n=0
2E
E2 − E2
n
=
∞∑
n=0
(
1
E − En +
1
E − E¯n
)
. (76)
Again the result (74) is in agreement with spectral representation result.
Constructing transformation matrix u from eigenfunctions ψ(1)(x) and ψ¯(1)(x)
with the help of simple algebra one can get
uxu
−1 =
(
pi cot(pix/2)/2 0
0 −pi tan(pix/2)/2
)
, (77)
ψ˜1(x) = ψ
′
1(x)−
pi
2
cot
(pi
2
x
)
ψ1 = k cos(kx)− pi
2
cot
(pi
2
x
)
sin(kx), (78)
ψ˜2(x) = ψ
′
2(x) +
pi
2
tan
(pi
2
x
)
ψ2 = k cos(kx− k) + pi
2
tan
(pi
2
x
)
sin(kx− k). (79)
Again we have
ψ˜1(0) = ψ˜2(0) = 0 −→ ψ˜(0) = 0, (80)
ϕ˜1(1) = ϕ˜2(1) = 0 −→ ϕ˜(1) = 0, (81)
from which and Eq. (36) it follows that transformed eigenfunctions Lφ(n), Lφ¯(n)
form complete set.
The case (iv) is similar to the case (iii). So we omit it’s detail discussion.
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5 Discussion
We have established the relation (35) that connect the difference of the full traces for
the Green functions of the initial and the Darboux transformed Dirac problems with
energies E1, E2 of initial states, whose wave functions are used for the construction
of the transformation matrix and boundary values of solutions of the initial and the
transformed Dirac equations. These relation are used to check the completeness of
set of wave functions, obtained by the Darboux transformation of eigenfunctions of
the initial Hamiltonian for some typical boundary problem.
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Appendix A
Here we will establish the relation between Wronskians of initial and Darboux trans-
formation problem.
Using the identity γTγ = 1, we represent W˜ in the form:
W˜ = ψ˜Tγϕ˜ = tr[γϕ˜ψ˜T ] ≡ tr[γϕ˜ψ˜TγTγ] = tr[(γϕ˜)(γψ˜)Tγ]. (82)
Now by usage of the definition
ψ˜ = ψ′ − uxu−1ψ, (83)
ϕ˜ = ϕ′ − uxu−1ϕ (84)
and the Dirac equation
γψ′ = (E − V )ψ, γφ′ = (E − V )φ, (85)
γux = uλ− V u
we can present ψ˜ and ϕ˜ in the form
ϕ˜ = (E − Ω)ϕ, ϕ˜ = (E − Ω)ϕ, Ω = uλu−1. (86)
Then we have
W˜ = tr[γ(E − Ω)ϕψT (E − ΩT )]
= tr[E2γϕψT − E(γΩ + ΩTγ)ϕψT + ΩγΩϕψT ]. (87)
It is easy to verify that for arbitrary (2× 2) matrix Ω and γ =
(
0 1
−1 0
)
γΩ+ ΩTγ = γtrΩ (88)
and
ΩTγΩ = γ det Ω. (89)
Thus,
W˜ = (trγϕψT )(E2 −EtrΩ + detΩ) = W (E2 −EtrΩ + detΩ). (90)
Further it is easy to check for arbitrary nonsingular 2× 2 matrix u and
Λ =
(
λ1 0
0 λ2
)
,
that
trΩ = truΛu−1 = λ1 + λ2,
det Ω = det(uλu−1) = λ1λ2.
Thus, we obtain the expression related the Wronskians of the transformed and
the initial problems
W˜ = (E − λ1)(E − λ2)W, (91)
where λ1 = En1 , λ2 = En2 .
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Appendix B
Here we will prove the relations (50), (75) used in the text to check the correspon-
dence of two results for full trace of the Green function of the Dirac problem with
boundary conditions.
Let us consider
H1(x) = Γ(1 + x)Γ(1 − x) ≡ pix
sin(pix)
, (92)
where Γ(z) is Eiler Γ–function. Then
d lnH1(x)
dx
= ψ(1 + x)− ψ(1− x) = 1
x
− pi cot(pix), (93)
ψ(z) =
d ln(Γ(z))
dz
. (94)
Using the representation
ψ(z) = −C +
∞∑
n=1
(
1
n
− 1
n− 1 + z
)
, (95)
where C is the Eiler constant, it is easy to get
pi cot pix =
1
x
+
∞∑
n=1
2x
x2 − n2 . (96)
By substitution x = k/pi in the last relation, we have
cot(k) =
1
k
+
∞∑
n=1
2k
k2 − pi2n2 . (97)
Next we consider
H2(x) = Γ(1/2 + x)Γ(1/2− x) = pi
cos(pix)
, (98)
lnH2
dx
= ψ(1/2 + x)− ψ(1/2− x) = pi tan(pix). (99)
Since
ψ(1/2 + x)− ψ(1/2− x) =
[
−C +
∞∑
n=0
(
1
n+ 1
− 1
n+ 1/2 + x
)]
−
[
−C +
∞∑
n=0
(
1
n + 1
− 1
n+ 1/2− x
)]
=
∞∑
n=0
2x
(n+ 1/2)2 − x2 , (100)
by substitution x = k/pi we get
tan(k) =
∞∑
n=0
2k
pi2(n+ 1/2)2 − k2 . (101)
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